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The drive toward vascular smart materials calls for novel flow architectures that bathe and serve entire
volumes and areas as uniformly as possible. Here, we show that vascular designs consisting of trees
matched canopy to canopy can be configured so that they have two qualities: small flow resistance
(w) and small volumetric flow nonuniformity (l). In the past, the only quality sought was small flow
resistance. Two classes of architectures are explored: (a) matched trees with diagonal channels through
the core and (b) matched trees with orthogonal channels. First, we show that flow architectures can be
developed and selected for minimum flow nonuniformity alone. Second, in the w � l design space the
best of designs (b) lie close to the best of designs (a), although the best of designs (b) offer slightly better
configurations (low w and l) than the best of designs (a). Comparisons with similar architectures gener-
ated based on genetic algorithms show that the minimum global flow resistance w of designs (a,b) is 2–5
times smaller than the genetic-algorithm values. The flow nonuniformities l corresponding to the min-
imum w of designs (a,b) are 2–70 times smaller than the flow nonuniformities of the genetic-algorithm
results.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The newest work on the frontiers of thermal sciences and tech-
nology calls for innovative designs of distributed energy systems
and models and methods that resemble those used in the analysis
of biological (living) bodies [1]. An important movement on the
frontier is the evolution of technology toward compact flow struc-
ture with greater volumetric densities of heat transfer, mass trans-
fer and chemical reaction rates. This is generating new kinds of
flow architectures where the basic flow configuration consists of
trees and superpositions of trees (i.e. grids). The reason is that
the tree-shaped flow is the configuration that offers greatest access
between the volume that must be bathed and the port through
which the stream enters or exits the volume [2]. Vascular designs
with trees matched canopy to canopy were proposed for thermofl-
uids engineering at the start of constructal theory [2,3], and have
now spread through many sectors such as the cooling of electron-
ics, the packaging of fuel cells, and the development of embedded
vasculatures for smart materials with volumetric functionalities
such as self-healing and self-cooling [3–17]. The growth of the field
was reviewed most recently in Refs. [18,19].

A body with embedded tree-shaped flows that bathe the entire
volume is a vascularized body. Materials with such constitution
ll rights reserved.

: +1 919 660 8963.
have properties unlike those of classical designs, where the flow
structure has a single scale that is distributed uniformly through
the volume (e.g., parallel channels, parallel tubes in crossflow,
homogeneous porous media). Vascularized materials are generat-
ing their own thermofluids science: the driving force is the need
to know the new properties of the architecture and the various
measures of flow and transport performance. The most basic out-
come of this new work is the emergence of a thermodynamics in
which nonequilibrium (i.e. flow) systems are no longer black
boxes. They are thermodynamic systems with configuration [20].

The way to bathe a volume with a single stream is to invade it as
river-delta tree, and later to drain it as a river-basin tree. The
resulting architecture then must resemble two trees matched can-
opy to canopy. Two examples are given in Fig. 1. Matched trees
have been proposed and optimized for volumetric cooling [2,3]
and for the repairing of cracks distributed randomly through the
volume [21]. They have also been applied to the design of compact
heat sinks and heat exchangers [11–14].

Lee et al. [22] showed that grids with diagonal channels through
the middle and orthogonal channels on the perimeter (Fig. 1a) can
be designed to have lower global resistances than grids with
orthogonal channels everywhere (Fig. 1b). Here, we show that in
both designs the flow rates through the grid channels are distrib-
uted nonuniformly. The maldistribution is significant. For example,
if _mmax and _mmin are the largest and smallest mass flow rates
through the inner channels including the corner channels in the
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Nomenclature

A area, m2

C factor, Eq. (1)
d elemental length scale, m
Di channel diameter, m
L length of square domain, m, Figs. 1, 5 and 8
Li channel length, m
_m mass flow rate, kg s�1

N number of d-elements in one direction
Sv svelteness number, Eq. (2)
Re Reynolds number
V total volume, m3

Vf total flow volume, m3

x, y, z coordinates

Greek symbols
DP pressure difference, Pa
m kinematic viscosity, m2 s�1

/ porosity
l dynamic viscosity, N s m�2

l flow rate nonuniformity
w nondimensional global flow resistance,

Eqs. (4) and (7)
1 infinity

Subscripts
i channel rank
f fluid
max maximum
min minimum
2D two-dimensional definition
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grid, and if the designs have a single channel diameter, then the de-
signs of Fig. 1a and b exhibit significant flow nonuniformity:
_mmax= _mmin ¼ 35:95 and 4:04, respectively. Flow rate nonunifor-

mity is a negative feature in the design of vascularized self-healing
materials, because the chief function of the grid is to give every
volume element of the material access to the healing fluid supply.
It is also a negative feature in the design of volumetric cooling for
surfaces and bodies, where flowing coolant is needed at every
point.

The fundamental design question that emerges out of this diffi-
culty is how to configure vascular grids so that they have two
important qualities at the same time: small global flow resistance
and minimal flow nonuniformity. The vasculature that emerges is a
two-objective architecture and joins ranks with other multi-objec-
tive natural designs (e.g., lungs, muscles [23,24]) and dendritic
heat exchangers [12,25,26].

2. Model

The model was selected in order to make the results compara-
ble with the flow regime required for self-healing flow designs
(Reynolds numbers of order 1), and the designs that have been
optimized and reported until now [21,22,27]. The flow in every
channel (i) is in the Poiseuille regime,

DPi ¼ C _mi
Li

D4
i

ð1Þ

where DPi, _mi, Li, and Di represent the pressure drop along the chan-
nel, the mass flow rate, the channel length, and the channel hydrau-
lic diameter. The factor C depends on the shape of the channel
cross-section, for example C = 128m/p for a round cross-section, in
which case Di is the cross-section diameter.

Pressure losses at junctions, bifurcations and bends are ne-
glected based on the assumption that the svelteness (Sv) of the
flow architecture is sufficiently large (Sv >> 10, in an order of mag-
nitude sense). The svelteness is a global property of the flow archi-
tecture, which is defined as [28]

Sv ¼ external length scale
internal length scale

¼ L

V1=3
f

ð2Þ

The external length scale L is the side of the square slab shown
vascularized in Fig. 1. The smallest length scale of the design is the
side (d) of the square elements touched by the channels of the grid.
A basic design requirement is that every d-element must have ac-
cess to fluid that flows. The global scale L � L is represented alter-
natively by N � N, where N is the number of d-elements counted in
one of the cartesian directions (L = Nd).

The volume occupied by the flow (Vf) is fixed. If the thickness of
the slab is d, then V = L2d, and this means that fixing the flow vol-
ume Vf is equivalent to fixing the porosity

/ ¼ V f

V
ð3Þ

In this nomenclature, the svelteness becomes Sv = (L//d)1/3.
Flow structures with slender channels (L/d >> 1) and small porosity
are svelte. Note that the svelteness of the flow architecture is not
the same as the slenderness of one channel or the porosity of the
vascular body.

For every grid architecture such as Fig. 1a, we calculated two
global measures of performance. First, the overall flow resistance
of the grid is expressed in dimensionless form as [21]

w ¼ DP
C _m

/2d3 ð4Þ

where DP is the overall pressure drop, and _m is the total mass
flow rate that proceeds from one corner of the slab to the other.
The second global measure of performance is the flow nonunifor-
mity ratio

l ¼
_mmax

_mmin
ð5Þ

where _mmax and _mmin represent the largest and smallest mass flow
rates present in channels that sweep across the slab and touch the
inner volume elements (e.g., channels 10, . . . ,28 in Fig. 1a, and chan-
nels 11–20 in Fig. 1b). The peripheral channels have necessarily lar-
ger flow rates because they act as supply routes, and are not
considered in the calculation of l.

A uniform distribution (l = 1) can be achieved in the inner
channels by properly tapering the peripheral supply channels [2].
Such a technique is not workable at the small scales that are envis-
aged for self-healing vasculatures (D < 100 lm), where channels
have constant thickness because they are made by ink writing
techniques [29]. The challenge is to reduce l by working with
channels of constant thickness, for example, by placing thin chan-
nels (D1) across the inner field, and thicker channels (D2) along the
periphery.

The l ratio is a ‘‘global” property because it characterizes the
entire flow architecture, no matter where _mmax and _mmin occur.
Other global properties of the flow architecture are w, Sv and /.
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Fig. 2. The distribution of flow rates in the designs of Fig. 1.
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(b) orthogonal channels.
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3. Flow distribution in grids with minimum flow resistance

The nonuniformity of the flow distribution becomes evident if
we focus on the flow resistance alone, and minimize w. The only
degree of freedom in the designs of Fig. 1a and b is the channel
diameter ratio D1/D2. The calculation of DP= _m (or w) consists of
invoking Eq. (1) for all the channels, accounting for mass continuity
at every junction, and adding all the DPi’s along one flow path from
the inlet to the outlet of the flow structure. The technique is de-
tailed in Ref. [22] and is not repeated here. The w function deter-
mined in this manner has a single value for an assumed
configuration. The w value calculated for Fig. 1a reaches the mini-
mum value 2.13 when D1/D2 = 0.481.

This calculation was performed for many configurations by
changing the ratio D1/D2. The flow rates ( _m) through all the chan-
nels of the minimum-w configuration are shown in Fig. 2a. The
flow rates are the smallest through the inner channels (numbered
11–28), and show a certain degree of nonuniformity: the nonuni-
formity ratio for the inner channels is l ¼ _m11= _m18 ¼ 3:09. Because
of symmetry, _m11 and _m18 are the same mass flow rates as _m27 and
_m20, respectively.

Fig. 2a also shows the distribution of flow rates when the design
of Fig. 1a has channels with one diameter, D1 = D2. The global flow
resistance in this case is larger, w = 4.67, and so is the maldistribu-
tion, l ¼ _m19= _m10 ¼ 35:95.

Fig. 2b shows the corresponding results for the configuration
with orthogonal channels (Fig. 1b). When the flow resistance is
minimum (w = 2.17), the optimal ratio of channel sizes is D1/
D2 = 0.554, and the flow nonuniformity is l ¼ _m11= _m15 ¼ 1:22.
When the channels have the same diameter (D1 = D2) the values
of w and lð¼ _m10= _m15Þ are 5.29 and 4.04, respectively.

4. Less flow nonuniformity and less global resistance

The results of Fig. 2a and b suggest that reductions in w go hand
in hand with reductions in l. We investigated this further, and
found that this is not true in general. Fig. 3 shows that w and l
do not always change in the same direction when we change the
flow configuration.

In summary, Fig. 2a and b show that the diagonal pattern is bet-
ter than the orthogonal pattern for achieving greater flow access
(lower w). The orthogonal pattern is better for archiving flow uni-
formity (lower l).



Fig. 3. The global flow resistance and flow nonuniformity of the designs of Fig. 1a
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The three (w,l) designs reported in Fig. 2a and b are repre-
sented by three points on the two solid curves in Fig. 4. The two
points plotted for grids with diagonal channels are for the designs
that have D1/D2 = 1 and optimal D1/D2 for minimum w. These two
points fall on one curve, which is the locus of the configurations of
Fig. 1a covering the entire range of D1/D2 values. On this curve,
note point P where the flow rate nonuniformity is minimum.
Fig. 3 showed that this design has the diameter ratio D1/D2 = 0.64
and w = 2.48 and lð¼ _m11= _m13Þ ¼ 1:51. The distribution of flow
rates in the configuration with D1/D2 = 0.64 was shown in Fig. 2a.
The solid curve crosses itself at point Q (w = 3.43,l = 6.97), which
corresponds to two diagonal designs with D1/D2 = 0.31 and 0.83.

Designs with orthogonal channels offer a somewhat different
two-objective performance. The two designs of Fig. 2b are repre-
Table 1
The geometrical parameters and total pressure drop of the networks shown in Fig. 5 (V =

Network Vf (mm3) Af (mm2) /

0 1.73 22 0.0173
23 2.20 24 0.0220
230 6.49 42.2 0.0649
sented by the two (w,l) points marked on the orthogonal curve
in Fig. 4. These points are linked by the curve along which D1/D2

varies. Fig. 3 shows the way in which w and l vary as D1/D2 changes.

5. Discussion

The conclusion drawn based on Fig. 4 is that the best orthogonal
designs promise slightly better two-objective performance than
the best diagonal designs. The closest orthogonal-design points
lie closer to the origin of the w � l frame than the closest point
of the diagonal designs. The challenge is to discover even better
configurations. Can the flow architecture morph such that the
points of Fig. 4 migrate even close to the origin of the w � l frame?

An alternate approach to the discovery of vasculatures for bath-
ing a square slab was developed in Ref. [27]. As in Fig. 1, the size
and graininess of the tree–tree flow structure (10 � 10) were fixed,
however the channel volume was distributed based on a genetic
algorithm with a different set of objectives: minimum corner to
corner flow resistance, and minimum total channel volume. Three
orthogonal designs are summarized in Table 1. They come from a
much larger body of results [27], which shows qualitatively that
on a field of global flow resistance (y) versus total channel volume
(x) the designs evolve from above toward a bottom curve y(x) with
negative slope and positive curvature (Fig. 6) [30]. The designs oc-
cupy the half-domain situated above the y(x) curve. They migrate
in time toward the solid curve, which represents the locus of ‘‘equi-
librium flow configurations” [20]. These are the configurations that
are the most free to morph: for them the global performance has
become stationary even though there are many configurations that
perform at or near this level. The time arrow of evolution of config-
uration is the direction (the tendency) of the phenomenon of gen-
eration of flow configuration.

The three designs shown in Table 1 were evaluated in dimen-
sional terms in Ref. [27] by using L = 1 cm, round cross-sections
with D1 = 100 lm and D2 = 200 lm, l = 1.005 � 10�3 Ns/m2 (water
liquid at 20 �C), and a total flow rate of 20 ml/min, which corre-
sponds to _m ¼ 0:333 g=s. These designs are directly comparable
with the orthogonal design with D1/D2 = 0.5 in Fig. 4, which is a
point situated very close to the minimum of the ‘‘orthogonal” curve
(see the white square). A special case is network 0 shown in Fig. 5,
which has channels with a single diameter (D = 100 lm). The chan-
nel volume fraction that was minimized in Ref. [27] was defined
based on a two-dimensional projection,

/2D ¼
Af

A
¼ 1

L2

X

i

DiLi ð6Þ

where L is the length of the square domain and Af is the area occu-
pied by all the channels when projected on the face of the slab
(A = L � L). Note that the area function /2D is not the same as the
porosity / defined in Eq. (3). In Table 1 we listed both / and /2D.

As we indicated in Fig. 6, the three cases of Table 1 show that
the minimized DP decreases when the minimized /2D increases.
This means that the three designs lie close to the border occupied
by the equilibrium flow structures. This monotonic relationship
between DP and /2D might be expected from Eq. (4), except that
in the present case the channel volume is represented by /2D,
not /. The assumption of Poiseuille flow in every channel, which
100 mm3, A = 100 mm2) [27].

/2D DP (Pa) w w2D l

0.220 427,569 9.34 73.32 8.21
0.240 117,868 4.17 28.62 88.29
0.422 26,947 8.30 62.55 78.58
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Fig. 5. The three designs presented in Table 1.
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is the basis for the dimensionless flow-resistance group w in Eq.
(4), also applies when the channel volume fraction is represented
by /2D. The resulting flow-resistance group based on /2D is

w2D ¼
DP
C _m

/4
2Dd3 ð7Þ

This group is also listed in Table 1, and shows that it is essen-
tially a number of order 102 while the DP values vary much more
widely.

The new aspect of flow performance considered in this paper is
the nonuniformity of the distribution of flow rate over the central
portion of the vascular body, and how to decrease the flow nonuni-
formity. We calculated l for the three cases of Fig. 5 by identifying
the highest and lowest flow rates that cross the diagonal plane
stretching from the lower-left corner to the upper-right corner.
The l values are based on Eq. (5), and listed in Table 1.

The flow nonuniformity l adds a third dimension (z) to the de-
sign space sketched in Fig. 6. The work summarized in Fig. 4 fits in
the constant-x plane because it was based on as the assumption
that the total channel volume is fixed. We have expanded Fig. 4
by adding the three designs that correspond to Table 1 in w � l
coordinates. When compared with the diagonal and orthogonal de-
signs, the three designs are inferior in both respects flow resistance
and flow nonuniformity. The flow resistances w of Table 1 exceed
by factors greater than 3 the flow resistances of the best of the de-
signs based on Fig. 1a and b. The flow nonuniformities l of Table 1
exceed by factors of order 100 the flow nonuniformities of the best
diagonal and orthogonal designs.

These conclusions do not change if the comparison of Fig. 4 is
expressed in terms of the w2D definition, Eq. (7). This alternative
is presented in Fig. 7, where the discrepancy between the flow
resistances (w2D) of Table 1 and the best designs of Fig. 1a and b
is a factor of order 10. The flow nonuniformities are described by
the same l values as in Fig. 4.

Why are the discrepancies so large, especially with regard to
flow nonuniformity? A possible explanation is that when the ge-
netic algorithm searches for minimum flow resistance and mini-
mum channel volume at the same time, it leads to configurations
that look more and more like a single channel that runs from the
upper-left corner to the lower-right corner (e.g., Fig. 5, network
23). All the channel volume is invested into this single channel,
which has one diameter (i.e. no constrictions). If the genetic algo-
rithm would be allowed to run ad infinitum, then it would generate
a single zig-zag channel that descends along the diagonal–one
channel and nothing else (see Fig. 8). This limiting design would
have _mmin ¼ 0 which means l =1 Furthermore, in the limit
Re ? 0 all the junction losses can be neglected, and the flow resis-
tance of the zig-zag channel is equal to that of the L-shaped chan-
nel shown in Fig. 8. This limiting flow performance is easy to
calculate:

w ¼ 0:49; w2D ¼ 0:032; l ¼ 1 ð8Þ

This result is shown to the right of Fig. 4. It serves as lower
asymptote for the descending trend of w versus l revealed by the
data of Table 1 (see the dashed domain in Fig. 4).

The upper end of the dashed domain can also be explained. Con-
sider the performance of the square grid shown in Fig. 9. Such a
grid approximates the configurations that were used at the start
of genetic modifications of the designs of Fig. 5, e.g., network 0.
The square grid has channels with a single size, D1 = D2. The
w � l performance of this design can be evaluated with the same
method as in Sections 2–4, and the results are

w ¼ 8:1; l ¼ 7:3 ð9Þ

This point is marked with an asterisk in Fig. 4, and it is close to
the upper end of the dashed domain. In fact, it is very close to the
point of network 0, which also has a single channel size. If the
porosity is defined according to Eq. (6), then the square-grid design
has w2D = 43.1 (and l = 7.3), as shown by the asterisk in Fig. 7. The
conclusions based on Fig. 7 are the same as those based on Fig. 4.

6. Conclusion

The design performance reported as two curves in Figs. 4 and 7
is attractive from the point of view of endowing the flow architec-
ture with two qualities, small flow resistance and modest flow
nonuniformity. These results show all the designs, the good and
the poor. There are even more designs than the ones that we have
shown, and their w � l performance data would fall above and to
the right of our two curves. We did not spend time searching
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through this additional design domain because we knew from ear-
lier constructal work [2,20] that certain configurations are effective
for bathing an entire volume with one stream. Strategy is the de-
sign value of constructal theory.

Another conclusion is the effectiveness of the dimensionless
group w (or w2D) in describing the global flow resistance when
the total void volume fraction is specified. Fig. 10 shows an addi-
tional example of the benefit of using this dimensionless group.
The ordinate of the upper graph shows the group w2D=/

4
2D, which

is proportional to the global flow resistance DP= _m, as shown in
Eq. (7). The four points (a)–(d) are from the search reported in
Ref. [27], where two objectives were pursued: less DP= _m and less
/2D. The design domain lies above the curve (a)–(d), in accordance
with the y–x plane of Fig. 6.

The lower graph of Fig. 10 shows the same information by using
w2D on the ordinate. The results occupy a much narrower band: the
vertical range spanned by the data is w2DðaÞ=w2DðcÞ ffi 2:5. On
the upper graph, the corresponding ratio is ðw2D=/

4
2DÞðaÞ=

ðw2D=/
4
2DÞðbÞ ffi 15. The lowest w2D value of these data is 30, which
is comparable with that of the grid design (Fig. 9) plotted in Fig. 7.
The l values of designs (a)–(d) of Ref. [27] are not available for a
complete comparison on the field of Fig. 7. Furthermore, the points
(a)–(d) will lie on a horizontal line if plotted on the plane w � / [/
based on Eqs. (3) and (4)], instead of w2D � /2D.

The main conclusion of this work is that a complex flow archi-
tecture for volumetric functionality has more than one objective,
and that the global performance is measured in several ways, each
important. In Figs. 4 and 7 we used two measures at the same time
(w,l), and in Fig. 6 we sketched three. There are other flow quali-
ties that a complex design has. One is resilience—what happens
when one channel is blocked. To enhance this quality, recom-
mended is the embedding of loops in the tree canopies of the de-
sign [25]. Another is the time and computational expense that
the effort of design discovery requires [31]. All these qualities must
be pursued simultaneously as the design evolution (i.e. our atten-
tion) is oriented toward multi-objective functionality distributed
volumetrically through vascular smart materials.
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The latest progress made with the constructal law in engineer-
ing design and design in nature is reviewed in a new book [32].
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